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Influence of ballistics to diffusion transition in primary wave propagation
on parametric antenna operation in granular media
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A model of parametric transmitting antenna in granular media is developed, which takes into account
velocity dispersion, frequency-dependent absorption, and frequency-dependent scattering of acoustic waves in
granular media. The latter process may induce a transition from the ballistics to the diffusion regime of pump
~primary! high-frequency wave propagation with increasing frequency. The conditions under which the tran-
sition from ballistics to diffusion manifests itself in the change of the demodulated~rectified! low-frequency
acoustic pulse profile are established. It is demonstrated that parametric low-frequency radiation contains
information on both absorption and scattering of high-frequency acoustic waves.
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I. INTRODUCTION

Linear acoustic waves traditionally provide an importa
tool for the evaluation of granular media properties@1–3#.
The diffusion of ultrasound and the ballistic to diffusive tra
sition in acoustic wave transport have been observed bot
glass beads immersed in liquids and in glass beads in
@3–9#.

At the same time, various nonlinear acoustic phenom
are also applied for the characterization of granular me
@10–15#. A parametric antenna emits low-frequency acous
signals due to the demodulation of amplitude-modula
high-frequency waves in a nonlinear medium. In Fig. 1,
gions of existence in the medium of high-frequency~HF!
primary waves and low-frequency~LF! demodulated~recti-
fied! waves are schematically represented. The region of
tial variation of HF primary waves plays the role of sourc
for the demodulated LF waves. These LF waves penet
deeper into the medium than the HF components due to
attenuation decrease with diminishing frequency. As a c
sequence, in many experimental conditions, only the
modulated low-frequency waves can be detected.

Recently, preliminary experiments on the operation
parametric transmitting antenna in granular media have b
reported@15–17#. The experimental results presented in R
@15# have been analyzed in Ref.@16# under the hypothesis o
ballistic propagation of amplitude-modulated high-frequen
pump waves. In Ref.@16#, it is demonstrated that informatio
on high-frequency sound absorption in a grainy medium
be extracted from the analysis of demodulated low-freque
pulses during the nonlinear parametric process. In contra
Ref. @15#, the estimates presented in Ref.@17# provide strong
indication that waves launched in a glass bead assemb
propagate diffusively. Consequently, in relation to the exp
ments presented in Refs.@15,17#, the following question
arises: Is it possible to extract information on the regime
high-frequency pump wave propagation from the receiv
low-frequency demodulated signals?
1063-651X/2002/66~4!/041303~10!/$20.00 66 0413
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In the present paper, a simple theoretical model is de
oped, which predicts the dependence of the profiles of p
metrically excited LF acoustic pulses on the regim
~ballistic/diffusive! of energy transport by HF pump wav
packets. The profiles~and the spectra! of the parametric an-
tenna signals contain, in general, information on absorpt
scattering, and velocity dispersion of HF pump waves
granular media. Dependence of the LF demodulated sig
on the HF primary-wave transport regime has been obse
in recent experiments@18,19#. Comparison of the model de
veloped below with these experiments is currently
progress.

II. THEORY

The goal of the analysis presented here is to unders
how low-frequency acoustic waves, excited in the nonlin
rectification process of amplitude-modulated high-frequen
waves, depend on the regime of HF waves propagation.
possible to use LF parametric antenna signals to solve
inverse problem dealing with the regime evaluation of t
HF wave propagation?

To get qualitative answers to these questions, the simp
analytical model for the analysis of the demodulation proc
is proposed below. It is believed that this model might

FIG. 1. Qualitative scheme of parametric antenna.
©2002 The American Physical Society03-1
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significantly improved in conjunction with experimental in
vestigations if necessary. In other words, most of the
sumptions leading to this model could be improved
needed. These simplifying assumptions are as follows.

The propagation of both HF and LF acoustic waves
treated as though it is taking place in an effective homo
neous medium. This medium is described by frequen
dependent absorption and acoustic velocity dispersion.
latter, in fact, is a manifestation of the microstructure of t
granular medium, which is composed of beads having fin
dimensions. Velocity dispersion increases when HF
proaches the cutoff, or natural frequency@20#, which is in-
versely proportional to the bead diameter. The fact that
beads packing is not regular~not periodic in space! is taken
into account by introducing the option for the acoustic wav
to be scattered without absorption. Scattering is freque
dependent. It should be clearly stated that in the follow
we analyze only propagative modes of the system~with fre-
quencies below the cutoff frequency!. Neither the evanescen
modes nor their scattering due to irregular packing of be
is considered here.

It is assumed that scattering leads to the randomizatio
propagation directions of HF wave packets. According
scattering contributes to the attenuation of the initial H
acoustic wave~which propagates ballistically! and generates
a scattered HF acoustic field, which, in general, may tra
port elastic energy quasiballistically@21#, by diffusion@3–9#,
or it may be localized@22,23#. Here, it is assumed that sca
tering is accompanied by a complete loss of coherence in
initial HF acoustic waves and that the scattered HF acou
field propagates diffusively@3–9#. The intermediate regime
where coherence is not completely lost after scattering, is
considered here@24,25#. It manifests itself by the occurrenc
of a signal arising after the ballistic leading front, when sp
tial averaging is performed on the multiple scattering sam

We analyze here the processes initiated by launchin
coherent longitudinal acoustic wave in the granular mediu
which propagates mainly through the beads~solid-based
mode!. The air-based acoustic mode~carrying energy mainly
through saturating air!, which is also excited in the demodu
lation process@17#, is neglected. For sake of simplicity, w
completely ignore shear acoustic waves, which are also
ported by granular media@26–28#. Shear waves may be ex
cited by mode conversion in the scattering of compressio
~longitudinal! waves. It might be expected that at sufficien
long time scales there is energy equipartition between lo
tudinal and shear waves in incoherent diffusive acoustic fi
due to multiple scattering@29,30#. This effect is currently
ignored. We are also neglecting in this analysis the poss
existence of microrotational~spin! waves@31,32# in granular
medium. It is assumed that acoustic energy is transporte
compressional waves only.

The nonlinearity of the state equation, which leads to
demodulation process, is assumed to be associated only
the nonlinearity of interbead Hertz contacts under norm
loading @28,33#. Only quadratic nonlinearity is considere
@16,17,34#. The hysteretic nonlinearity of sliding Hertz con
tacts@26,27,33# is neglected here. It is known that quadra
hysteretic nonlinearity acts as an odd-type nonlinearity
04130
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does not contribute to the demodulation of quasiharmo
acoustic waves@35#.

In principle, the hysteretic nonlinearity may have a ind
rect influence on the demodulation process by modifying
in-depth distribution of high-frequency waves via their no
linear absorption. However, we assume that nonlinear
sorption does not provide the dominant contribution to to
absorption. Consequently, in the considered here cas
weakly nonlinear acoustic waves, both processes~i.e., the
nonlinear absorption and the demodulation! manifest them-
selves at the same~second! step of successive approxima
tions. Because of this, the cross talk between the two p
cesses can be neglected in this approximation.

In view of the assumptions formulated above, the eq
tion of motion for an elastic solid is written as

r0

]2Ui

]t2
5

]s i j

]xj
, ~2.1!

wherer0 is the material density at rest,Ui are the compo-
nents of the displacement vectorUW , and s i j is the stress
tensor. The description of the longitudinal waves is simp
done by applying the divergence operator to Eq.~2.1!,

r0

]2

]t2
~div UW !5

]2s i j

]xi]xj
. ~2.2!

The elastic energy density is modeled by its expansion u
cubic terms in strain:

W5r0c0
2F1

2
~div UW !22

e

3
~div UW !3G , ~2.3!

wherec0 represents the sound velocity ande is the effective
nonlinear parameter of grainy media. The stress-strain r
tionship corresponding to Eq.~2.3! has the form

s i j 5r0c0
2@~div UW !2e~div UW !2#d i j . ~2.4!

It should be pointed out here that in Eqs.~2.3! and~2.4!, the
kinematic nonlinearity is considered to be negligible in co
parison with the Hertz contact nonlinearity@15,28,34#. Let
the stress-strain relationship for the Hertz contact of sphe
be modeled by

s i j
H52B~2div UW H!kd i j ,

with the constantB being proportional to the Young modulu
of the beads @26–28,33,34# and where 3

2 ,k,2
@3,9,33,36,37#, both parameters depending on bead pack
@36–38#. The initial stresss i j

in ~or equivalently initial hydro-
static pressurep) is then described by

s i j
in52B~2div UW in!kd i j 52pd i j .

By expanding the stress-strain relationship~2.4! near the
initial static strain, the super-imposed acoustic disturba
counterpart can be derived in the form
3-2
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INFLUENCE OF BALLISTICS TO DIFFUSION . . . PHYSICAL REVIEW E66, 041303 ~2002!
s i j 5s i j
H2s i j

in.kB1/kp(k21)/kF ~div UW !

2
k21

2
B1/kp21/k~div UW !2G , ~2.5!

where udiv UW u[udiv UW H2div UW inu!udiv UW inu. The compari-
son of Eq.~2.5! with Eq. ~2.4! provides the dependences
LF sound velocity and effective nonlinearity on hydrosta
pressure@15,28,34#. In particular, in the case of a perfe
packing without flapping contacts@28,34,36# k53/2, c0
;p1/6, e;p22/3. When under some circumstances, a dep
dence close toc0;p1/4 is experimentally observed@3#, then
it corresponds tok52 ande;p21/2. This is due to the de-
pendence of the number of active contacts on pressure@37#
or to departures at the single-contact level from the Hertz
contact law, which is in turn related to pointlike or conic
asperity @37#. The nonlinear phenomena are described
successive approximations.

By substitution of the stress-strain relationship Eq.~2.4!
into Eq. ~2.2!, the nonlinear wave equation is derived:

F ]2

]t2
2c0

2D1L̂G ~div UW !52c0
2eD~div UW !2, ~2.6!

where a linear integro-differential operatorL̂ is formally
added in order to account for possible velocity dispersi
absorption, and scattering of sound waves. Following a
ditional approach@39#, the solution of Eq.~2.6! is presented
as a superposition of the primary HF acoustic field~denoted
by UW v) and the secondary LF acoustic field~denoted by
UW V), UW 5UW V1UW v . The separation of equations forUW v and
UW V is achieved by averaging over the HF wave period,
ditionally neglecting higher harmonic excitation in the H
field @39#,

F ]2

]t2
2c0

2D1L̂G ~div UW v!50, ~2.7!

F ]2

]t2
2c0

2DG ~div UW V!52c0
2eD^~div UW v!2&. ~2.8!

Equation ~2.7! describes ballistic propagation, absorptio
and scattering of HF amplitude-modulated acoustic wa
launched by an emitter. Equation~2.8! describes the excita
tion of LF acoustic waves due to a nonlinear demodulat
process. We use notation̂•••& for averaging over the HF
wave period. Note that for simplicity, dispersion, absorptio
and scattering of LF waves are currently neglected. Comp
son of the right-hand side~rhs! of Eq. ~2.8! with the presen-
tation of the elastic potential energy density in Eq.~2.3! dem-
onstrates that the rhs may be approximated
2(2e/r0)D^Wv&, whereWv denotes the potential energy o
the HF acoustic field. Taking into account that in the acou
wave packets, potential energy is equal to kinetic energy~in
an average over a wave period!, and assuming plane one
dimensional geometry, we rewrite Eq.~2.8! as
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F ]2

]t2
2c0

2 ]2

]x2GUV52
e

r0

]

]x
^W̄v&, ~2.9!

whereUV denotes thex component of LF particle displace
ment and̂ W̄v&52^Wv&5r0^(]Uv /]t)2&[r0^Vv

2 & denotes
the total energy density of HF field (Uv andVv are displace-
ment and particle velocity in the HF acoustic field, respe
tively!. In accordance with Eq.~2.9!, the demodulation pro-
cess takes place in the regions of HF energy density sp
variation.

The equation for energy transport by a plane HF acou
wave packet, which follows from Eq.~2.7!, is presented in
the form

]

]t
^Wvb&1cg~v!

]

]x
^Wvb&1

1

t~v!
^Wvb&50, ~2.10!

wherecg(v) denotes the group velocity of the acoustic wa
at carrier frequencyv andt(v) is the characteristic time o
frequency-dependent attenuation, which incorporates b
absorption@characterized by the timeta(v)] and scattering
@characterized by the timets(v)], with t21(v)5ta

21(v)
1ts

21(v). Note that the possible broadening of the HF wa
packet, caused by the dispersion of group velocity, is c
rently neglected in Eq.~2.10!. Indexb in Eq. ~2.10! indicates
that this equation is valid only for ballistically propagatin
HF wave packets. We assume that scattered wave pac
propagate diffusively and energy transport by scattered
waves may be described by a diffusion equation

]

]t
^Wvd&5Dv~v!

]2

]x2
^Wvd&2

1

ta~v!
^Wvd&

1
1

ts~v!
^Wvb&, ~2.11!

where indexd is used to denote acoustic energy dens
which is scattered from a coherent HF acoustic field,Dv(v)
denotes the diffusivity of energy carrying wave packets. T
diffusion coefficient isDv5cel * /3, wherece is the energy
velocity, which is defined as the ratio of energy flux to t
energy density, andl * is the transport mean free path~or the
distance the waves must propagate until their direction
randomized! @4,7,40#. There are indications that in strongl
scattering media, energy velocityce slightly differs from
group velocitycg @7#. For the purpose of current analysis, th
diffusion coefficient is written in the form

Dv[d cg
2~v!ts~v!, ~2.12!

where d;1 is a nondimensional constant. Clearly Eq
~2.10! and ~2.11!, which model transition from ballistics to
diffusion by a single ‘‘relaxation’’ time @scattering time
ts(v)], significantly oversimplify the reality, in particular
by completely ignoring intermediate coherent effec
@21,24,25#. However, it is believed that the model enables
correctly depict the basic qualitative features of the eff
3-3
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under consideration. The proposed model may be impro
afterwards by comparison with available fine experimen
data.

The boundary conditions for the energy flux at the aco
tic radiator located in planex50 are

cg~v!^Wvb&5I v f ~ t/tm!,

Dv

]

]x
^Wvd&50, ~2.13!

where I v denotes the intensity of HF coherent acous
waves launched by the radiator in a granular medium
where f (t/tm) describes amplitude modulation in the H
-

e

04130
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wave packet (tm is the characteristic modulation time!. The
second boundary condition for Eq.~2.11!,

^Wvd~x→`!&→0, ~2.14!

reflects the decrease of acoustic energy carried by HF wa
due to their absorption. The solutions of Eqs.~2.10! and
~2.11! in the frequency domain, subjected to boundary co
ditions ~2.13! and ~2.14!, are

^W̃vb&5
I v

cg~v!
f̃ ~V!expF2

1

cg~v! S 1

t~v!
2 iV D G ,

~2.15!
^W̃vd&5
I v

cg~v!Dvts~v!
f̃ ~V!

1

1

cg
2~v!

S 1

t~v!
2 iV D 2

2
1

Dv
S 1

ta~v!
2 iV D

35
1

cg~v!
S 1

t~v!
2 iV D

A 1

Dv
S 1

ta~v!
2 iV D

exp2FA 1

Dv
S 1

ta~v!
2 iV D xG2expF2

1

cg~v!
S 1

t~v!
2 iV D xG 6 , ~2.16!
in

,

l-
e

bu-

c-
is-
F
the
where

^W̃vb,d&[E
2`

1`

^Wvb,d&e
iVtdt,

f̃ ~V![E
2`

1`

f ~ t !eiVtdt.

The total energy of the HF acoustic field,^W̄v&5^Wvb&
1^Wvd&, which is composed of ballistic and diffusive com
ponents, is substituted in the rhs of Eq.~2.9!. The solution of
Eq. ~2.9!, satisfying the boundary conditionUV(x50)50 at
the HF acoustic emitter and the condition of radiation, is th
provided by

ŨV[ŨV8 e2 i (V/c0)x[ŨVb1ŨVd

>
eI v

r0c0
2cg~v!

f̃ ~V!

1

cg~v! S 1

t~v!
2 iV D

1

cg
2~v!

S 1

t~v!
2 iV D 2

1
V2

c0
2

3H 11
1

ts~v!S 1

ta~v!
1

DvV2

c0
2

2 iV D J ,

~2.17!
n

where ŨV[*2`
1`UVeiVtdt. In Eq. ~2.17!, ŨV8 denotes the

spectrum of the LF parametrically excited acoustic pulse
the coordinate system moving at LF sound velocity~co-
propagating coordinate frame!. The solution~2.17! is valid
outside the ‘‘body’’ ~see Fig. 1! of the parametric antenna
which @in accordance to Eq.~2.16!# is limited in space by
inequalitiesx<max$cg(v)t(v),ADvta(v)%. There are two
contributions to the parametric signal@denoted in Eq.~2.17!
by ŨVb and ŨVd] appearing from the demodulation of ba
listic and diffusive HF acoustic fields, respectively. It is th
first term in curly brackets that corresponds to the contri
tion from the ballistic HF field. Consequently Eq.~2.17! can
be rewritten as

ŨV8 5ŨVb1ŨVd5ŨVb5 11

1

ts~v!

1

ta~v!
1

DvV2

c0
2

2 iV6 .

~2.18!

The derived solution Eq.~2.17! demonstrates that the spe
trum of the demodulated signal contains information on d
persion, absorption, scattering, and diffusion of the H
acoustic field. The question arises as to how sensitive is
3-4
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demodulated signal to different parameters@such asta(v)
andts(v), for example# and how these parameters might
extracted experimentally.

III. ANALYSIS

We start the analysis of the parametric antenna sig
from its partŨvb , excited via the demodulation of ballist
cally propagating HF waves.

A. Demodulation of ballistically propagating waves
in dispersive medium

Introducing notations

t6[tS 16
cg~v!

c0
D ,

V0[
eI v

2r0c0
2

~3.1!

for the characteristic times and characteristic amplitude
particle velocity in the LF acoustic wave, the spectrum
particle velocityṼVb[2 iVŨVb is written in the form

ṼVb5V0 f̃ ~V!t~v!F 1

t2

V

S V1 i
1

t2
D 1

1

t1

V

S V1 i
1

t1
D G .

~3.2!

The ‘‘splitting’’ of the characteristic attenuation timet(v)
into two characteristic timest6 @Eq. ~3.1!# is caused by the
presence of sound velocity dispersion in granular med
@cg(v)Þc0# @40,41#. In the current paper we assume f
definiteness that]cg(v)/]v,0 in the whole frequency
range of interest@40,41#. It is expected thatt1 approaches
t2 when v tends to the cutoff frequencyvc , and conse-
quently, cg(v)→0. In the present paper we clearly lim
ourselves to the analysis of propagating HF acoustic mo
(v,vc), leaving the case of evanescent modes for so
future research.

Assuming that, in general, inequality 1/t1!1/t2 may
hold, it is possible to divide the spectrum Eq.~3.2! by strong
inequalities into three characteristic regions:

ṼVb>V0 f̃ ~V!35
2~2 iVt! if V!

1

t1
<

1

t2
,

~2 iVt! if
1

t1
!V!

1

t2
,

t

t2
if

1

t1
<

1

t2
!V.

~3.3!

The intermediate regime 1/t1!V!1/t2 is obviously absent
when inequality 1/t1!1/t2 does not hold. If we assum
that f (u)[ f (t/tm) is a hat-type modulation function with
04130
al

f
f

es
e

characteristic durationtm , then in the time domain the cha
acteristic regimes in Eq.~3.2! can be described as

VVb>V035
2S t

tm
D ] f

]u
if tm@t1>t2 ,

S t

tm
D ] f

]u
if t1@tm@t2 ,

t

t2
f if t1>t2@tm .

~3.4!

In accordance with Eq.~3.4!, the profile of the demodulated
LF acoustic pulse essentially depends on the relation
tween the characteristic duration of the HF wave packettm
;1/V andt2 . The profileVVb(u) of particle velocity in the
LF acoustic pulse reproduces the envelopef (u) of the HF
wave packet ift2@tm , and it is proportional to the deriva
tive of the envelope] f (u)/]u if tm@t2 . Clearly the third
regime in Eq.~3.4! does not exist in the absence of veloci
dispersion@whencg(v)5c0 , t250 and therefore inequality
t2@tm never holds#, for example, in underwater parametr
antenna in the absence of gas bubbles@39#. Consequently,
the significant dependence of the demodulated signal pro
on parameters of the granular medium predicted by Eq.~3.4!
is an important manifestation of the dispersive properties
the granular medium.

The experimental observation of this effect@18,19# can be
used to extract information on the parameters of the gran
medium. Sufficient conditions to observe the transformat
from VVb;] f (u)/]u to VVb; f (u) may be formulated as
follows. Let us assume thatta!ts . From the analysis of the
ṼVd contribution of the diffusive acoustic field to the tot
signal, presented later in this paper, it follows that under
condition ta!ts this contribution is completely negligible
(uṼVdu!uṼVbu) at all frequencies. For a qualitative analys
we associatets(v) with Rayleigh-type scattering@ts(v)
;1/v4# @3# and attribute a linear dependence on frequen
to sound absorptionta(v);1/uvu @16,28,42,43#. Then, it is
expected that inequalityta(v in)!ts(v in) holds for an initial
HF acoustic wave if the initial frequencyv in is sufficiently
far from the cutoff frequencyvc (v in!vc). At this fre-
quency, dispersion is expected to be weakcg(v).c0 and,
consequently,t2(v in).ta(v in)@12cg(v in)/c0#!ta(v in).
Then by choosing a sufficiently high numbern of HF wave
periods in the initial HF wave packet,tm

in[n(2p/v in), it is
always possible to achievetm

in@t2(v in). If the carrier fre-
quencyv ~keepingn fixed! is then increased, the modulatio
time tm diminishes while the characteristic timet2 in-
creases. In fact, if we use for an estimation, the dispers
relation in the periodic chain of spherical beads@41#, then

cg~v!5c0A12S v

vc
D 2

and
3-5
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]t2

]v
5

ta~v!

uvu

1

A12S v

vc
D 2

S 12A12S v

vc
D 2D .0

at all frequencies. Consequently, by increasingv, we inevi-
tably arrive at some final frequencyv f to the conditiontm

f

5n(2p/v f)!t2(v f). In accordance with Eq.~3.4!, the
transformation of signal profile] f (u)/]u→ f (u) should be
observed around a critical frequencyvcr , where tm(vcr)
;t2(vcr);ta(vcr)@12cg(vcr)/c0# holds. Consequently
the observation of this transformation provides informat
on the absorption and dispersion of HF acoustic waves
should be noted that the LF profile transformation is acco
panied by a significant increase in signal amplitude, which
proportional to

t~v f !

t2~v f !

tm~v in!

t~v in!
5

1

12
cg~v in!

c0

tm~v in!

t~v in!
@1.

From a physical point of view, additional temporal integr
tion of the LF signal, in the case where velocity dispersion
important, is related to the absence of synchronism betw
the nonlinear ‘‘source’’ of the demodulated sign
(]/]x)^Wvb& @which propagates at velocitycg(v)] and the
excited demodulated signalVVb itself ~which propagates a
velocity c0). In fact, t2(v) provides a measure of tim
separation between the leading fronts of LF and HF acou
waves, which is established before attenuation of the
wave packet takes place@that is, at time scale of the order o
attenuation timet(v)].

In Fig. 2, we present a transformation of the demodula
signal predicted by the solution in Eq.~3.2!. The numerically
obtained profiles of normalized particle velocitie
are plotted as a function of the reduced timet r5t/tm ,
for four values of the primary-wave frequency:v
50.1vc ,0.25vc ,0.4vc ,0.6vc with vc523106 rad s21.
The modulation functionf (u) is a Gaussian function of du
ration equal to 20 periods of the HF sine wave, so thattm
520(2p/v). Absorption timeta(v)5C/v is chosen to sat-
isfy the initial inequality tm520(2p/v in)@t2(v in)
5(C/v in)(12A12v in

2 /vc
2) and the final one tm

520(2p/v f)!t2(v f)5(C/v f)(12A12v f
2/vc

2). Consid-
ering v in50.1vc and v f50.6vc , it gives the value of the
constant C5100. For the primary-wave frequencyv in
50.1vc , the profile in the dashed thin line is proportional
the first derivative of the modulation function] f (u)/]u.
When increasing the primary-wave frequency, keeping
numbern of periods of the HF sine wave constant, we o
serve a transition from] f (u)/]u to f (u): for a frequency of
the primary wavev50.25vc , continuous thin line; andv
50.4vc , dashed thick line. When arriving around frequen
v50.6vc ~continuous thick line! the profile is proportional
to f (u). The transition from] f (u)/]u to f (u) due to the
velocity dispersion is thus obtained with a less than one
der of magnitude change of the primary-wave frequency
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To conclude the analysis of the contribution to the d
modulated signal from the ballistic part of the HF acous
field, we mention thatṼVb in Eq. ~3.2! certainly contains
information on the HF wave attenuation even in the f
quency rangeV!1/t2 @see Eq.~3.3!#. However, in accor-
dance with Eq.~3.4!, a transition from regimetm@t1 to
regime tm!t1 is accompanied mostly by the variation o
the signal amplitude without a significant envelope transf
mation.

B. Demodulation of diffusively propagating waves

The contribution from demodulation of the HF diffusiv
acoustic fieldṼVd to total signal ṼV8 5ṼVb1ṼVd differs

from ṼVb only by an additional spectral multiplier

ts
21~v!

S ta
21~v!1Dv~v!

V2

c0
2

2 iV D
@see the second term in curled brackets in Eqs.~2.17! and
~2.18!#. Using the notation in Eq.~2.12!, we rewrite Eq.
~2.18! as

ṼV8 5ṼVb

3H 11
1

ts~v!

ta~v!
1dS cg~v!

c0
D 2

@Vts~v!#22 iVts~v!J .

~3.5!

Note that in Eq.~3.5!, d;1 and (cg(v)/c0)2<1. As a result
it can be readily estimated that the contribution from t
diffusive HF field is completely negligible@the second term

FIG. 2. Profiles of demodulated signal predicted by the solut
in Eq. ~3.2! for different frequencies of primary wave:v50.1vc ,
dashed thin line;v50.25vc , thin line; v50.4vc , dashed thick
line; v50.6vc , thick line.
3-6
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in curly brackets in Eq.~3.5! is much less than 1 in its mag
nitude# if ta(v)!ts(v) and/ortm;1/V!ts(v). Both con-
ditions have a clear physical sense:ṼVd is negligible if the
HF waves are absorbed before scattering@ta(v)!ts(v)# or
if scattering does not take place during the HF wave pac
action on the nonlinear medium@tm!ts(v)#. In both cases,
the contribution from the demodulation of ballistical
propagating HF waves dominates. Thus the necessary co
tions for the experimental observation ofṼVd can be formu-
lated asts(v)<ta(v) andts(v)<1/V. Assuming that gen-
erally, inequality 1/ta(v)!1/ts(v) may hold @because
1/ta(v);uvu, while 1/ts(v);v4], it is possible to divide
by strong inequalities the spectrum Eq.~3.5! into three char-
acteristic regions:

ṼV8 5ṼVb35
ta~v!

ts~v!
if V!

1

ta~v!
!

1

ts~v!
,

1

2 iVts~v!
if

1

ta~v!
!V!

1

ts~v!
,

1 if
1

ta~v!
!

1

ts~v!
!V.

~3.6!

In the first two spectral regions in Eq.~3.6!, the contribution
from the diffusive HF field dominates (uṼVdu@uṼVbu), while
in the third spectral region, the contribution from the ballis
HF field dominates (uṼVdu!uṼVbu). In the time domain,
characteristic regimes in Eq.~3.6! can be described as

VV8 55
ta~v!

ts~v!
VVb if tm@ta~v!@ts~v!,

tm

ts~v!
E

2`

u

VVb~u8!du8 if ta~v!@tm@ts~v!,

VVb if ta~v!@ts~v!@tm .

~3.7!

In accordance with Eq.~3.7!, there is an important differenc
in the profiles of the contributions to the LF signal from t
ballistic and diffusive HF acoustic fields only ifta(v)@tm
@ts(v). The latter inequality provides a necessary condit
for the observation of the LF particle velocity profiles e
cited due to the demodulation of diffusively propagating H
waves and proportional to the primitive of the LF signa
excited by the demodulation of ballistically propagating H
waves.

From an experimental point of view, it is important
understand~i! how the transition between the first two r
gimes in Eq.~3.7!, where contribution from the diffusive HF
field dominates, can be observed;~ii ! how the transition be-
tween signals dominated by the diffusive HF field and s
nals dominated by the ballistic HF field@the second and the
third regimes in Eq.~3.7!# can be observed. It is expecte
that inequalityta(v in)@ts(v in) can be fulfilled at some ini-
tial frequencyv in if the latter is taken sufficiently close t
cutoff frequencyvc @9# @because scattering time diminish
04130
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with frequency increasets(v);1/v4 much faster than ab
sorption time ta(v);1/uvu]. Then under the condition
ta(v in)@tm

in5nin(2p/v in)@ts(v in) the profile of the de-
modulated signal is proportional to*2`

u VVb(u8)du8. A tran-
sition to profileVV;VVb(u) can be achieved simply by in
creasing the durationtm of the HF wave packet by
increasing n from ni to nf , for which inequality tm

f

5nf(2p/v in)@ta(v in) starts to hold. Note that, because
the inequalityt<min„ta(v),ts(v)…, in both of the consid-
ered regimes the inequalitytm@t1>t2 holds, ensuring that
dispersion has no influence on the LF signal profile in t
case. Consequently, in accordance with Eq.~3.7!, in both
regimes the contribution toVV8 from the ballistic HF waves
is VVb.2(t/tm)] f /]u. Thus, the transition fromta(v in)
@tm

in@ts(v in) to tm
f @ta(v in)@ts(v in) manifests itself by

the differentiation of the initial LF profile:

VV8
i.VVd

i .2 f ~u!,

VV8
f.VVd

f .2
ta~v i !

tm f

] f

]u
. ~3.8!

The transformation of the signal profile should be observ
for ncr , satisfying the conditionncr(2p/v in);ta(v in) and
is accompanied@as it follows from Eq.~3.8!# by a signal
amplitude decrease, which is proportional totm

f /ta(v in)
@1. The evaluation of this transformation provides inform
tion on the absorption timeta(v) of HF acoustic waves. The
role of the parameterta(v)/tm in this transformation~which
takes place between the regimes dominated by the dem
lation of the diffusive HF acoustic field! is similar ~from a
physical point of view! to the role of the parametertR /tL in
the optical excitation of acoustic pulses via the generation
electron-hole plasma in semiconductors@44#. HeretL is the
duration of the laser pulse andtR is the recombination time
of the photogenerated electron-hole plasma.

In Fig. 3, we present the transformation of the parame
signal predicted by the solution in Eq.~3.5! for the case
where the contribution from the demodulation of the sc
tered diffusive HF acoustic field dominates. The prima
wave frequency is fixed close to the cutoff frequencyv
50.9vc , with vc52•106 rad s21. The modulation function
f (u) is Gaussian with a characteristic durationtm
5n(2p/v), where n is the number of the periods of HF
sine wave in the signal of the primary wave. The scatter
and absorption characteristic times are chosen to sa
the inequality ta(v)5C1 /v@tm(v)5ni(2p/v)@ts(v)
5C2 /v4 for the frequencyv and the initial number of pe-
riods ni510. Consequently, the constantsC1510 andC2
51015 rad3 s23 are fixed by the initial inequality. When in
creasing the numbern of periods of the HF wave, the dura
tion tm increases and finally becomes greater than the
sorption timeta . This leads to the final inequalitytm(v)
@ta(v)@ts(v), ensuring for the demodulated profile, th
transition from f (u) to ] f (u)/]u. In Fig. 3, demodulated
profiles are, respectively, plotted forn510, thick line; n
580 dashed thick line;n5200, thin line; and forn5600;
3-7
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dashed thin line. Forn510, the signal is proportional to
f (u), while it is close to] f (u)/]u for n5600.

C. Manifestation of ballistics to diffusion transition
in the demodulated signal

In order to observe the transition from the regime dom
nated by the diffusive transport of energy by HF acous
waves to the regime dominated by its ballistic transport, i
again possible to start from the initial conditionta(v in)
@tm

in5nin(2p/v in)@ts(v in). But this time it is useful to
decrease the carrier wave frequencyv without varying the
numbern of HF wave periods in the wave packet (n5nin
5const). Thenta(v) and tm(v) will increase proportion-
ally to 1/v, while ts(v) will increase much faste
(;1/v4), inevitably leading to the regimeta(v f),ts(v f)
@tm

f 5nin(2p/v f) at some final frequencyv5v f . In ac-
cordance with Eq.~3.7!, this should cause the transformatio
of the LF acoustic pulse profile fromVV8 5*2`

u VVb(u8)du8
to VV8 ;VVb(u). We recall that under the conditionta(v in)
@tm

in5nin@ts(v in) the inequalitytm
in@t1(v in)@t2(v in)

holds and the initial LF profile is described by the first e
pression in Eq.~3.8!. When carrier frequency is diminished
it is expected that for the final frequencyv f velocity disper-
sion is so weak that it is the inequalityt1(v f)@tm

f

@t2(v f), rather thant1(v f)@t2(v f)@tm
f , that is real-

ized. Consequently, in accordance with Eqs.~3.4! and ~3.7!
the final LF profile is described by

VV8
f.VVb

f .
t~v f !

tm
f

] f

]u
. ~3.9!

From Eqs.~3.8! and ~3.9! it follows that the transition from
the regime dominated by the HF wave diffusion to the

FIG. 3. Transformation of the demodulated signal predicted
the solution in Eq.~3.5! for the case where the contribution to th
rectified LF signal from the demodulation of the scattered diffus
HF acoustic field dominates. The profiles are plotted as a func
of the reduced timet r5t/tm for four different values of HF sine
wave periods in the emitted signal:n510, thick line; n580,
dashed thick line;n5200, thin line;n5600, dashed thin line.
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gime dominated by their ballistic propagation takes place
vcr , which can be estimated fromtm

cr[nin(2p/vcr)
;ts(vcr). This transition manifests itself in the differentia
tion of the parametric signal and an increase in its amplitu
proportionally to (t(v f)/tm

f )@1. The observation of this
transition provides information on the characteristic tim
ts(v) of HF wave scattering.

In Fig. 4, we present the transformation of the demod
lated signal due to the transition from the regime domina
by the HF wave diffusion to the regime dominated by th
ballistic propagation. The initial condition ta(v in)
5C1 /uv inu@tm

in5n(2p/v in)@ts(v in)5C2 /v in
4 and the

initial frequency of the carrier wavev in50.95vc , which
should be close to the cutoff frequencyvc52
3106 rad s21, are used to determine constantsC15100 and
C25331018rad3 s23. Then the primary-wave frequency i
decreased fromv in50.95vc to v f50.2vc keepingn con-
stant. This leads to the final conditionta(v f),ts(v f)@tm

f

5nin(2p/v f). Transition from the profilef (u) to the profile
] f (u)/]u is observed starting from the primary-wave fr
quency v50.95vc ~thick line! and finishing with v
50.2vc ~dashed thin line!, with v50.45vc ~dashed thick
line! andv50.3vc ~thin line!. Results are plotted as a func
tion of the reduced timet r5t/tm , and particle velocities are
normalized.

It should be mentioned, however, that the situation wh
in the final statet1(v f)@t2(v f)@tm

f , in principle, can as
well be achieved. The differentiation of the LF wave profi
in the transition from diffusion to ballistics@predicted in Eq.
~3.7!# may then be masked by the integration of the LF wa
profile due to dispersion effects@predicted by Eq.~3.4!#. Ob-
viously, it is much more difficult to extract information o
the relevant parameters of the considered system when
eral different physical effects simultaneously influence
performance of parametric antenna. For the analysis of th
situations, more precise models of the frequency depende
of sound absorption, scattering, and velocity dispersion~than
those adopted in the present paper! are highly desirable.

IV. DISCUSSION

In this discussion we would like to mention that some
the predicted effects of a profile differentiation or integratio
when the characteristics of pump wave (v, tm , or both! are
modified, may be masked by diffraction effects if the exa
three-dimensional geometry of real experiments is taken
account. In fact it is well known@39,44# that diffraction may
lead to additional differentiation of the pulsed signal, wh
its characteristic frequency diminishes~when its characteris-
tic duration increases!. To avoid cross talk between the e
fects discussed in the current paper and diffraction, it mi
be useful to detect parametric signals in their far field. In t
case, diffraction can be precisely taken into account b
simple multiplication of the spectrum in Eq.~2.17! by
(2 iV) or equivalently by the differentiation of the profile
described by Eqs.~3.4! and ~3.7!.

Variations in the values of constantsC, C1, andC2 of the
characteristic timest, ta , andts from one medium to an-
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other may be linked to the surface smoothness of the be
the level of disorder in the granular assemblage, the b
material itself, the static stress supported by the column,
Any changes in the medium that play a role in the scatter
or in the absorption of an acoustic wave of frequencyv is
incorporated with the help of these constants.

This study has been devoted to the analysis of three k
of transitions in the demodulated signal. However, it is p
sible to extend as well the general results to other type
transitions.

V. CONCLUSIONS

A model of parametric transmitting antenna in granu
media is developed, which takes into account velocity d
persion, frequency-dependent absorption, and freque
dependent scattering of acoustic waves in granular me
Operation of this parametric antenna is analyzed in deta
the case of the velocity difference between the HF pu
waves and the demodulated LF wave, in the case of diffus
of attenuated HF primary waves, and in the case of transi
from ballistics to diffusion in primary HF wave transport.

Transition in the demodulated LF profile, due to the effe
of sound velocity dispersion, is observed when asynchron

FIG. 4. Transformation of the demodulated signal predicted
Eq. ~3.7! due to the transition from the regime dominated by H
wave diffusion to the regime dominated by their ballistic propa
tion. Profiles of demodulated signals are plotted as a function of
reduced timet r5t/tm and are normalized in amplitude for primary
wave frequenciesv50.95vc , thick line; v50.45vc , dashed thick
line; v50.3vc , thin line; v50.2vc , dashed thin line.
ys
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between nonlinear sources created by HF waves and the
demodulated wave has time to accumulate before the att
ation of the HF waves is taking place. The phenomenon
velocity dispersion manifests itself by the integration of t
demodulated LF profile. This transition provides informati
on the attenuation of the ballistic component of the prima
HF wave, and the velocity difference between primary H
waves and demodulated LF waves.

Differentiation of the LF profile can be obtained in th
case of diffusion of the HF primary wave when increasi
the duration of the initially emitted wave packet from a su
ficiently low value. This transition provides information o
the characteristic absorption timeta of primary HF wave.

The conditions on the characteristic times of scatteri
absorption, and HF wave modulation are established, un
which the transition from diffusion to ballistics~or vice
versa! in primary HF wave propagation manifests itself
the transformation of the LF demodulated~rectified! acoustic
signal. The transition from diffusion to ballistics~ballistics to
diffusion! is accompanied by differentiation~integration! of
the demodulated LF profile and it provides information
the characteristic scattering timets of the primary HF wave.

Information on HF wave propagation is thus contained
the parametrically excited signal. However, before solv
the inverse problem, it would be desirable to improve o
model by taking into account precise experimental data
lated to linear properties of acoustic wave propagation
three-dimensional granular media~dispersion, absorption!.

In order to verify theoretical predictions, we have pe
formed preliminary experiments on parametric antenna
unconsolidated granular media@18,19#. We have observed a
qualitative agreement with the model developed above, c
cerning predicted transitions in the demodulated LF profi
The quantitative comparison of experiments and theory
currently in progress.

The theory developed here indicates that the registra
of parametrically excited low-frequency acoustic wav
might be a way to get information on the propagation of H
acoustic waves, which are rapidly attenuated by absorp
or scattering~and because of this it is difficult to detect the
directly!. The proposed method can be adapted to any
dium characterized by nonsingular macroscopic nonlinea
scattering, absorption, and dispersion. Consequently, it m
find applications in the nondestructive evaluation of da
aged materials.
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